Possible Detection of Causality Violation in a Non-local Scalar Model by Haque, Asrarul & Joglekar, Satish D.
ar
X
iv
:0
80
8.
31
79
v1
  [
he
p-
th]
  2
3 A
ug
 20
08
Possible Detetion of Causality Violation in a Non-loal
Salar Model
Asrarul Haque
1
Department of Physis, I.I.T. Kanpur, Kanpur 208016(INDIA)
Satish D. Joglekar
2
Department of Physis, I.I.T. Kanpur, Kanpur 208016(INDIA)
and
NISER, Bhubaneswar 751005 (INDIA)
Abstrat
We onsider the possibility that there may be ausality violation detetable
at higher energies. We take a salar nonloal theory ontaining a mass sale
Λ as a model example and make a preliminary study of how the ausality
violation an be observed. We show how to formulate an observable whose
detetion would signal ausality violation. We study the range of energies
(relative to Λ) and ouplings to whih the observable an be used.
1 introdution
Non-loal quantum eld theories (NLQFT) have been a subjet of wide researh
sine 1950's. The main reason for the interest in early days has been the hope that
the non-loal quantum eld theory an provide a solution to the puzzling aspets of
renormalization. The basi idea was that sine the divergenes in a loal quantum
led theory arise from produt of elds at idential spae-time point, the divergenes
of the loal quantum eld theory would be tamed if the interation were non-loal.
In partiular, if the interation sale was typially of the order of 1/Λ, then momenta
in loop integrals (Eulidean) would be damped when |p2| >> Λ2. The early work on
NLQFT, starting from that by Pais and Uhlenbek [1℄ and espeially that of Emov
and oworkers, has been summarized in [3℄. NLQFT's also have found appliation
towards desription of extended partiles whih inorporates the symmetries of the
theory in some (non-loal) form [4℄. The non-ommutative elds theories, urrently
being studied [5℄, are a speial variant of a NLQFT, as is evident espeially in its QFT
representation using the star produt. In this work, we shall fous our attention on
the type of NLQFT's formulated by Kleppe and Woodard [6℄. One of the reasons we
normally insist on a loal quantum eld theory is beause it has miro-ausality, and
this generally ensures ausality of the theory. One of the onsequenes, therefore,
that would be suspeted of non-loality would be a ausality violation at the level of
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the S-matrix. Indeed, sine at a given moment, the interation is spread over a nite
region in spae, thus overing simultaneously spae-like separated points, we expet
the interation to indue non-ausality. In view of the fat that we have not observed
large-sale ausality violation, it beomes important to distinguish between theories
exhibiting lassial violations of ausality versus quantum violations of ausality.
As argued in [2℄, a violation of ausality at the lassial level an have a larger
eetive range and strength, ompared to the quantum violations of ausality whih
are suppressed by g2/16π2 per loop. We do not know of large sale ausality
violations, and as suh, it is desirable that the non-loal theory has no lassial
violation of ausality. One way known to ensure that there is no lassial level of
ausality violation is to require that the S-matrix of the NLQFT at the tree level
oinides with that of the loal theory (Λ → ∞) as is arranged in the formulation
of [6℄. We shall work in the ontext of the NLQFT's as formulated by Kleppe and
Woodard [6℄. This form of non-loal QFT was evolved out of earlier work of Moat
[4℄, insights into struture of non-loal eld equations by Eliezer and Woodard [7℄
and appliation to QED by Evens et al [8℄. This formulation has a distint advantage
over earlier attempts in several ways:
1. There are no additional lassial solutions to the non-loal eld equations
ompared to the loal ones. The nonloal theory is truly a deformation of
the loal theory and the meaning of quantization, as a perturbation about the
lassial, is not altered. This property is not shared by non-ommutative eld
theories.
2. It has the same S-matrix at the tree level, and thus;
3. There is no lassial violation of ausality.
4. The theory, unlike a higher derivative theory, has no ghosts and is unitary at
a nite Λ.
5. The theory an embody non-loalized versions of loal symmetries having an
equivalent set of onsequenes.
There are many other reasons for taking interest in these NLQFT's. We have found
suh a non-loal formulation with a nite Λ, very useful in understanding the renor-
malization program in the renormalizable eld theories [9℄. We have shown that
this formulation enables one to onstrut a mathematially onsistent framework in
whih the renormalization program an be understood in a natural manner. The
framework does not require any violations of mathematial rigor usually assoiated
with the renormalization program. This framework, moreover, made it possible to
theoretially estimate the mass sale Λ. The nonloal formulations an also be un-
derstood [10℄ as an eetive eld theory formulation of a physial theory that is valid
up to mass sale ∼Λ. In suh a ase, the unknown physis at energy sales higher
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than Λ [suh as a struture in terms of ner onstituents, additional partiles, fores,
supersymmetry et ℄ an eetively be represented in a onsistent way (a unitary,
gauge-invariant, nite (or renormalizable) theory) by the non-loal theory. In other
words, the nonloal standard model an serve as suh an eetive eld theory [10℄
and will aord a model-independent way of onsistently reparametrizing the eets
beyond standard model. It an be looked upon in a number of other ways. One
ould think the non-loality as representing a form fator with a momentum ut-o
Λ[4℄. One ould also think of this theory as embodying a granularity of spae-time
of the sale 1/Λ or as an intrinsi mass sale Λ [6, 11, 9℄.
A possible "limitation" of the theory is that the theory neessarily has quantum
violations of ausality [6, 12℄; though it an be interpreted as a predition of the
theory. In another work, A. Jain and one of us explored the question with the help
of the simple alulations for the simplest eld theory: the nonloal version of the
λφ4 theory [13℄. While, in this salar eld model, the ausality violation is related
to the nonloality of interation put in by hand, so to speak, in pratie suh a non-
loality of interation ould arise from many possible soures. It ould arise from a
fundamental length, 1/Λ, present in nature. It ould arise from omposite nature of
elementary partiles (This possibility has reently been explored [14℄). In this work,
we wish to formulate how the eet an be observed experimentally. In order to
study ausality violation (CV) in the theory, it is rst neessary to formulate quan-
tities that signal CV. We would like to onstrut quantities that an be measured
experimentally. From this view-point
3
, it is appropriate to onstrut quantities in
terms of the S-operator. Bogoliubov and Shirkov [15℄ have formulated a neessary
ondition for ausality to be preserved in partile physis by the S-operator . This
formulation is simple and at the same time extremely general in that, it uses only
(i) the phenomenologially aessible S-operator together with (ii) the most basi
notion of ausality in a relativisti formulation: A ause at x shall not aet physis
at any point y unless y is in the forward light-one with respet to x. The ondition
is formulated as,
δ
δg(x)
(
δS[g]
δg(y)
S†[g]
)
= 0 for x <∼ y (1)
where x <∼ y means that either x0 < y0 or x and y are spae like separated. [In
either ase, there exists a frame in whih x0 < y0℄. Setion 2 gives a brief qualitative
understanding of this relation and how amplitudes indiating ausality violation are
onstruted using this relation. In setion 2, we shall also summarize the essentials
of onstrution of a non-loal QFT given a loal one. In this setion, we shall give
the results for the exlusive proesses φ+φ→ φ+φ in the one loop order from [13℄.
In setion 3, we make a omparison of the loal ontribution and the non-loal CV
eets and the latter ould be signiant for s ≤ Λ2 and when one analyzes angular
distributions. In setion 4, we shall onstrut a physial observable in terms of a
3
there are, of ourse, results based on dispersion relation approah
3
dierential ross-setion
dσ
dΩ
. This quantity involves some higher order terms and in
setion 6, we shall make an estimate of them and show that under ertain onditions
on oupling onstant and energies they are indeed negligible and allow observation
of the observable onstruted in setion 3.
While, what we have presented for simpliity, is a model alulation, similar
attempt an be made for a more realisti proess in the standard model. A work,
along the same lines, but appliable to the realisti ases of experimentally observed
exlusive proesses e+e− → e+e−,e+e− → µ+µ−and e+e− → τ+τ− is in progress.
2 preliminary
In this setion, we shall briey disuss the onstrution of non-loal eld theories and
the Bogoliubov-Shirkov riterion of ausality. We shall further summarize results
on ausality violation alulation in [13, 2℄.
2.1 non-loal quantum field theory
We shall present the onstrution of the NLQFT as presented in [6℄. We start with
the loal ation for a eld theory, in terms of a generi eld φ, as the sum of the
quadrati and the interation part:
S[φ] = F [φ] + I[φ]
and express the quadrati piee as
F [φ] =
∫
d4xφi(x)ℑijφj(x)
We dene the regularized ation in terms of the smeared eld φ̂, dened in terms of
4
the kineti energy operator ℑij as,
φ̂ ≡ E−1φ E ≡ exp[ℑ/Λ2]
The nonloally regularized ation is onstruted by rst introduing an auxiliary
ation S[φ, ψ]. It is given by
S[φ, ψ] = F [φˆ]−A[ψ] + I[φ+ ψ]
4
The hoie of the smearing operator is the only freedom in the above onstrution. For a set
of restritions to be fullled by E , see e.g. [12℄
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where ψ is alled a shadow eld with an ation
A[ψ] =
∫
d4xψiO
−1
ij ψj ; O ≡
E2 − 1
ℑ
The ation of the non-loal theory is dened as Sˆ[φ] = S[φ, ψ]‖
ψ=ψ[φ]
where ψ[φ] is
the solution of the lassial equation
δS
δψ
= 0.
The verties are unhanged but every leg an onnet either to a smeared propagator
iE2
ℑ+ iǫ = −i
∫ ∞
1
dτ
Λ2
exp{ℑτ
Λ2
}
or to a shadow propagator [shown by a line rossed by a bar℄
i[1− E2]
ℑ+ iǫ = −iO = −i
∫ 1
0
dτ
Λ2
exp{ℑτ
Λ2
}
In the ontext of the λφ4 theory, we have,
ℑ = −∂2 −m2 I(φ) = −g
4
φ4
We shall now make elaborative omments. The proedure onstruts an ation hav-
ing an innite number of terms (eah individually loal), and having arbitrary order
derivatives of φ. The net result is to give onvergene in the Eulidean momentum
spae beyond a momentum sale Λ through a fator of the form exp (p
2−m2
Λ2
) in prop-
agators. The onstrution is suh that there is a one-to-one orrespondene between
the solutions of the loal and the non-loal lassial eld equations, (a diult task
indeed [7℄). It an also be made to preserve the loal symmetries of the loal ation
in a non-loalized form [6℄. The Feynman rules for the salar nonloal theory are
simple extensions of the loal ones. In momentum spae, these read:
1. For the φ-propagator (smeared propagator) denoted by a straight line:
i
exp
[
p2−m2+iǫ
Λ2
]
p2 −m2 + iǫ =
−i
Λ2
∫ ∞
1
dτ exp
{
τ
[
p2 −m2 + iǫ
Λ2
]}
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2. For the ψ-propagator denoted by a barred line:
i
1 − exp
[
p2−m2+iǫ
Λ2
]
p2 −m2 + iǫ =
−i
Λ2
∫ 1
0
dτ exp
{
τ
[
p2 −m2 + iǫ
Λ2
]}
3. The 4-point vertex is as in the loal theory, exept that any of the lines emerg-
ing from it an be of either type. (There is aordingly a statistial fator).
4. In a Feynman diagram, the internal lines an be either shadow or smeared,
with the exeption that no diagrams an have losed shadow loops.
Lower bound has been put on the sale of non-loality Λ[11, 18℄ from g− 2 of muon
and preision tests of standard model. It has been argued that an upper bound on
the sale Λ an be obtained from the requirement that renormalization program is
naturally understood in a nonloal eld theory setting [9, 10℄. Should partiles of
standard model be omposite, Λ ould naturally be related to the ompositeness
sale [14℄.
2.2 bogoliubov-shirkov ausality riterion
The ausality ondition that we have used to investigate ausality violation in
NLQFT is the one disussed by Bogoliubov and Shirkov [15℄. They have shown
that an S-matrix for a theory that preserves ausality must satisfy the ondition of
Eq.(2)
δ
δg(x)
(
δS(g)
δg(y)
S†(g)
)
= 0 for x <∼ y (2)
and it has been formulated treating the oupling g(x) as spae-time dependent. A
simple qualitative understanding an be provided as in [2℄. The above relation is a
series in g(x) and leads perturbatively to an innite set of equations when expanded
using
S[g] = 1 +
∑
n≥1
1
n!
∫
Sn(x1, ..., xn)g(x1)...g(xn)dx1...dxn. (3)
We onsider the following expression
H(y; g) = i
δS(g)
δg(y)
S†(g)
6
=
∑
n≥0
1
n!
∫
Hn(y, x1, ...xn)g(x1)...g(xn)dx1...dxn
We shall write only a few of eah of these oeient funtions
H1(x, y) ≡ iS2(x, y) + iS1(x)S†1(y) (4)
H2(x, y, z) ≡ iS3(x, y, z) + iS1(x)S†2(y, z) + iS2(x, y)S†1(z) + iS2(x, z)S†1(y) (5)
(for a general expression for Hn, see [13℄). Then, the ausality ondition (2) reads,
δ
δg(x)
H (y, g) = 0 for x <∼ y
whih implies,
H1 (x, y) = 0 y <∼ x (6)
H2 (x, y, z) = 0 y <∼ x and/or z <∼ x (7)
if ausality is to be preserved. These quantities an be further simplied by the use
of unitarity relation S†(x)S(x) = I, expanded similarly in powers of g(x).
These are given by
S1(x) + S
†
1(x) = 0 (8)
S2(x, y) + S
†
2(x, y) + S1(x)S
†
1(y) + S1(y)S
†
1(x) = 0 (9)
In the ase of the loal theory, these ausality relations [(6) and (7)℄ are trivially
satised. In the ase of the nonloal theories, suh quantities, on the other hand,
aord a way of haraterizing the ausality violation. However, these quantities
ontain not the usual S-matrix elements that one an observe in an experiment
(whih are obtained with a onstant i.e. spae-time-independent oupling), but
rather the oeients in (3). We thus nd it protable to onstrut appropriate
spae-time integrated versions out of Hn(y, x1, ..., xn). Thus, for example, we an
onsider
H1 ≡
∫
d4x
∫
d4y[ϑ(x0 − y0)H1(x, y) + ϑ(y0 − x0)H1(y, x)]
= i
∫
d4x
∫
d4yS2(x, y)− i
∫
d4x
∫
d4yT [S1(x)S1(y)] (10)
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whih an be expressed entirely in terms of Feynman diagrams that appear in the
usual S-matrix amplitudes. In a similar manner, we an formulate
H2 ≡
∫
d4x
∫
d4y
∫
d4zH2(x, y, z)ϑ(x0 − y0)ϑ(y0 − z0)
+5 symmetri terms (11)
and an itself be expressed in terms of Feynman diagrams.
There is a subtle point regarding the expansion (3) of the S-matrix in terms of
oupling g. In a eld theory, the oupling g, whih has to be the renormalized one,
is not a uniquely dened quantity. In this respet, we have to make a renormalization
onvention. In view of the fat that CV, if at all observed, is expeted to be observed
at large energies [13℄, we prefer to use g renormalized at a large energy sale; sine
that assures more rapid onvergene of the perturbation series. We shall therefore
assume that
g˜ = ReΓ(4)
(
s = −2s0 + 2m2, t = u = s0 +m2
)
where s0 is a large positive number and
√
s0 ∼ C.M. energy of ollision. Here, Γ(4)
is the proper 4-point vertex and s = −2s0 + 2m2, t = u = s0 + m2 is a point in
the unphysial region ompatible with p2i = m
2
. This is equivalent to the following
onvention:
ReΓ
(4)
(n)
(
s = −2s0 + 2m2, t = u = s0 +m2
)
= 0; n = 1, 2, 3, ...
where Γ
(4)
(n) refers to the n−loop ontribution to Γ(4). The numerial value of g˜ an be
determined by omparing the total experimental ross-setion with the expression
for it upto a desired order.
2.3 Results of [13℄ about CV
In the referene [13℄, CV in a nonloal salar φ4 theory was studied. It was shown
that one an onstrut amplitudes, whih if non-zero, neessarily imply CV. These
amplitudes,( H1, H2 et of 10 and 11) an moreover be alulated by means of
Feynman diagrams. In [13℄, ausality violation in two exlusive proesses (i) φ φ→
φ φ and (ii) φ φ→ φ φ φ φ were studied. It was in partiular demonstrated that CV
grows signiantly with s. Here, we shall reall only the result for the rst proess:
φ φ → φ φ As shown in [13℄, the s-hannel diagram for the CV amplitude (in the
massless) limit yields (the relevant gure, g. 1, is found in a future setion) the
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following ontribution to the transition amplitude:
Γ(s) =
9g˜2
4π2
∞∑
n=0
(
s
Λ2
)n (
1− 1
2n
)
n((n+ 1)!)
The net ausality violating amplitude, onsidering all the three s, t, u hannels, takes
the following form in the massless limit:
∆Mnonlocal(s, t, u) (12)
=
9g˜2
4π2
∞∑
n=0
(
1− 1
2n
)
n((n+ 1)!)
{( s
Λ2
)n
+
(
t
Λ2
)n
+
( u
Λ2
)n}
(13)
This CV amplitude is analyti in s, t, u and m.
3 omparison of v and loal ontributions
We shall ompare the CV terms of (13) of [13℄ with the usual loal amplitude to get
a judgment as to how and when the former an be isolated.
3.1 loal theory
For the loal theory, we nd[17℄
Mlocal = −36g˜
2
32π2
[ln s+ ln t+ ln u+ constant] = −36g˜
2
32π2
ln [stu] + constant
In the enter of mass frame the Mandelstam variables are given as follows:
s = (k1 + k2)
2 = (p1 + p2)
2 = 4p2 + 4m2
t = (k1 − p1)2 = (k2 − p2)2 = −2p2(1− cosθ)
u = (k1 − p2)2 = (k2 − p1)2 = −2p2(1 + cosθ)
So that
Mlocal = −36g˜
2
32π2
[ln stu] + constant
9
≈ −36g˜
2
32π2
[
ln
(
16p6(1− cos2 θ))]+ constant
(We have ignored m2 ompared to s at high energies). The amplitude an now be
expressed in term of the Legendre polynomials as follows:
Mlocal ≡ Mlocal(cos θ)
=
∞∑
l=0
alocall Pl(cos θ)
Where,
alocall =
2l + 1
2
+1∫
−1
Mlocal(cos θ)Pl(cos θ)d cos θ
= (−1)n2l + 1
2l+1l!
+1∫
−1
Mnlocal(x)
dl−n
dxl−n
(x2 − 1)ldx
= (−1)n+1 2l + 1
2l+1l!
36g˜2
32π2
+1∫
−1
dn
dxn
[ln(1− x2)] d
l−n
dxl−n
(x2 − 1)ldx
HereMnlocal(x) stands for the n-th derivative ofMlocal(x) with respet to its argument.
The oeients alocal2 , a
local
4 , a
local
6 are obtained
5
as follows:
alocal2 = (−1)1+1
5
232!
36g˜2
32π2
+1∫
−1
d
dx
[ln(1− x2)] d
dx
(x2 − 1)2dx = 36g˜
2
32π2
(
5
3
)
alocal4 = (−1)1+1
9
254!
36g˜2
32π2
+1∫
−1
d
dx
[ln(1− x2)] d
3
dx3
(x2 − 1)4dx = 36g˜
2
32π2
(
9
10
)
5
The above integrand has a singularity at x = ±1. This singularity is artiial and presene of
m 6= 0 protets it. It may appear that setting m 6= 0 ould signiantly aet the values of alocal
l
.
It has been heked that it is not the ase: In fat alocal
l
are analyti in m.
10
alocal6 = (−1)3+1
13
276!
36g˜2
32π2
+1∫
−1
d3
dx3
[ln(1− x2)] d
3
dx3
(x2 − 1)6dx = 36g˜
2
32π2
(
13
21
)
Therefore, we have
Mlocal =
∞∑
l=0
alocall Pl(cos θ) = constant + a
local
2 P2(cos θ) + a
local
4 P4(cos θ) + a
local
6 P6(cos θ) + ...
=
36g˜2
32π2
(
constant′ +
5
3
P2(cos θ) +
9
10
P4(cos θ) +
13
21
P6(cos θ) + ....
)
(14)
3.2 nonloal theory : φφ→ φφ
As stated earlier, we wish to ompare the CV amplitude of [13℄ with the loal ampli-
tude to see how the former an be isolated. As shown in [13℄, the s-hannel diagram
for the CV amplitude (in the massless) limit yields the following ontribution to the
transition amplitude:
Figure 1: The s-hannel diagram giving rise to the one loop ausality violating
amplitude H1.
Γ(s) =
9g˜2
4π2
∞∑
n=0
(
s
Λ2
)n (
1− 1
2n
)
n((n+ 1)!)
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The net ausality violating amplitude, onsidering all the three s, t, u hannels, takes
the following form in the massless limit:
∆Mnonlocal(s, t, u)
=
9g˜2
4π2
∞∑
n=0
(
1− 1
2n
)
n((n+ 1)!)
{( s
Λ2
)n
+
(
t
Λ2
)n
+
( u
Λ2
)n}
In the enter of mass frame, we have
∆Mnonlocal =
9g˜2
4π2
∞∑
n=0
(
1− 1
2n
)
n((n + 1)!)
1
Λ2n
(
(4p2)n + (−2p2)n{(1− cos θ)n + (1 + cos θ)n})
=
∑
l=0
anonlocall Pl(cos θ)
Comparison
6
of Mlocal and ∆Mnonlocal is failitated by omparing Legendre oef-
ients of the same orders. The oeients anonlocal2 , a
nonlocal
4 and a
nonlocal
6 are om-
puted as below:
anonlocal2 =
5
2
+1∫
−1
∆Mnonlocal(cos θ)P2(cos θ)d cos θ =
9g˜2
4π2
(
p2
Λ2
)2
1
3
anonlocal4 =
9
2
+1∫
−1
∆Mnonlocal(cos θ)P4(cos θ)d cos θ =
9g˜2
4π2
(
p2
Λ2
)4
1
70
anonlocal6 =
13
2
+1∫
−1
∆Mnonlocal(cos θ)P6(cos θ)d cos θ =
9g˜2
4π2
(
p2
Λ2
)6
1
3465
6
Comparison of amplitudes is more natural here, sine the leading ontribution from 1-loop
alulation depends on the interferene term whih is linear in Mlocal or ∆Mnonlocal
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We summarize the ratio of the loal and nonloal oeients and their numerial
values in the following table:
Ratio of oeients
p2
Λ2
= 0.1 p
2
Λ2
= 0.2 p
2
Λ2
= 0.4 p
2
Λ2
= 0.8
anonlocal2
alocal2
0.4% 1.6% 6.4% 25.6%
7
anonlocal4
alocal4
0.00032% 0.0051% 0.081% 1.3%
anonlocal6
alocal6
9.3×10−10 6×10−8 3.8×10−6 2.4×10−4
Table 1: Comparison of loal and non-loal ontributions for oeients of dierent
Legendre polynomials.
These ratios are independent of the oupling onstant g. It appears that there is a
signiant hane of deteting CV only in the ratio
anonlocal2
alocal2
and when p2 . Λ2.
Finally we point out that while we have piked up the proess φφ→ φφ for simpliity,
this would not be the proess for whih observation of CV is the most eient. This
is so beause as pointed out in [13℄, the CV in this proess is of higher order in
p2
Λ2
,
viz. O
(
p4
Λ4
)
. CV should be more notieable in a proess suh as φφ→ φφφφ.
4 onstrution of observables
In this setion, we shall onstrut a quantity, partly dependent on physially ob-
servable dierential ross-setion and partly on perturbative alulations, whih an
detet CV. Of ourse, we make use of the quantities H1 of eq.(10) whih signal CV
[13, 2℄. The S-operator has the expansion
8
:
S = 1 + g
∫
d4xS1 (x) +
g2
2!
∫
d4xd4yS2 (x, y) + ..........
Consider a following matrix element between some initial and nal states |i〉 and
|f〉:
〈f |S |i〉 = δfi + g
∫
d4x 〈f |S1 (x) |i〉+ g
2
2!
∫
d4xd4y 〈f |S2 (x, y) |i〉 + ..........
6
When the ratio is large, higher order orretions to CV annot be ignored.
8
Heneforth, we have often suppressed "tilde" on g
13
We have, from translational invariane,
∫
d4x 〈f |S1 (x) |i〉 =
∫
d4x 〈f |S1 (0) |i〉 ei(pf−pi).x = 〈f |S1 (0) |i〉 (2π)4 δ4 (pf − pi)
Expressing x = (ξ + η) /2 and y = (η − ξ) /2, we have
∫
d4xd4y 〈f |S2(x, y)| i〉 =
(
1
2
)4 ∫
d4ξd4η
〈
f
∣∣∣∣S2(η + ξ2 , η − ξ2
)∣∣∣∣ i〉
=
(
1
2
)4 ∫
d4ξd4η
〈
f
∣∣∣∣eiP. η2S2(ξ2 ,−ξ2
)
e−iP.
η
2
∣∣∣∣ i〉
=
(
1
2
)4 ∫
d4ξd4η
〈
f
∣∣∣∣eipf . η2S2(ξ2 ,−ξ2
)
e−ipi.
η
2
∣∣∣∣ i〉
=
∫
d4ξ
〈
f
∣∣∣∣S2(ξ2 ,−ξ2
)∣∣∣∣ i〉 (2π)4δ4(pf − pi)
The S-matrix is related to the invariant matrix element Mfi as:
〈f |S| i〉 ≡ Sfi = 〈f |i〉+ i 〈f |T | i〉
= 〈f |i〉+ i(2π)4δ4(pf − pi)Mfi
Thus,
Mfi = −ig 〈f |S1(0)| i〉+ −ig
2
2
∫
d4ξ
〈
f
∣∣∣∣S2(ξ2 ,−ξ2
)∣∣∣∣ i〉
+
−ig3
3!
∫
d4ξd4η 〈f |S3 (0, ξ, η)| i〉+ .....
≡ M(1) +M(2) +M(3) + ....
Now, onsider the exlusive sattering proess: φ (k1)+φ (k2)→ φ (p1)+φ (p2). The
dierential ross-setion reads:
dσ
d3p1d3p2
=
1
2
(2π)4δ4(pf − pi)
2ωp12ωp2 |~v1 − ~v2| 2ωk12ωk2
|M|2
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Here, pi = k1 + k2 and pf = p1 + p2 and v1,2 are veloities of the olliding partiles
and
1
2
is the symmetry fator. [We are using the onventions as outlined in [17℄℄.
We integrate over p2 using the δ
3 (pf − pi). We express d3p1 = p21dp1dΩ, integrate
over p1 to nd,
dσ
dΩ
=
∫
p21dp1
1
2
(2π)4δ(k10 + k20 − p10 − p20)
2ωp12ωp2 |~v1 − ~v2| 2ωk12ωk2
|M|2
In the C.M. frame, k10+k20 ≡ 2
√
k2 +m2 ≡ 2ωk and p10+p20 ≡ 2
√
p2 +m2 = 2ωp.
So that,
dσ
dΩ
=
pωp
4
(2π)4
2ωp12ωp2 |~v1 − ~v2| 2ωk12ωk2
|M|2
Here,
|M|2 =
∣∣∣∣−ig 〈f |S1(0)| i〉 − ig22
∫
dξ
〈
f
∣∣∣∣S2(ξ2 ,−ξ2
)∣∣∣∣ i〉+ ....∣∣∣∣2
= g2 |〈f |S1(0)| i〉|2 + g3Re
[
〈f |S1(0)| i〉∗
∫
dξ
〈
f
∣∣∣∣S2(ξ2 ,−ξ2
)∣∣∣∣ i〉]+R
R are the O (g4) terms:
R ≡ g
4
4
∣∣∣∣∫ dξ〈f ∣∣∣∣S2(ξ2 ,−ξ2
)∣∣∣∣ i〉∣∣∣∣2
+ 2
g4
3!
Re
[
〈f |S1(0)| i〉∗
∫
d4ξd4η 〈f |S3 (0, ξ, η)| i〉
]
(15)
The dierential ross-setion, now beomes:
dσ
dΩ
=
pωp
4
(2π)4
×
{
g2 |〈f |S1(0)| i〉|2 + g3Re
[〈f |S1(0)| i〉∗ ∫ dξ 〈f ∣∣S2 ( ξ2 ,− ξ2)∣∣ i〉]+O(g4)}
2ωp12ωp2 |~v1 − ~v2| 2ωk12ωk2
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Now,
iM = g 〈p1p2 |S1(0)| k1k2〉
is the lowest order amplitude whih equals −6ig. Therefore it is required that
〈p1p2 |S1(0)| k1k2〉 = −6i
Thus,
dσ
dΩ
=
pωp
4
(2π)4
{
36g2 − 6g3Im [∫ dξ 〈f ∣∣S2 ( ξ2 ,− ξ2)∣∣ i〉]+O(g4)}
2ωp12ωp2 |~v1 − ~v2| 2ωk12ωk2
and subtrating the angular average of
dσ
dΩ
dσ
dΩ
− dσ
dΩ
=
pωp
4
(2π)4
×
{
−6g3Im
[∫
dξ
〈
f
∣∣S2 ( ξ2 ,− ξ2)∣∣ i〉− ∫ dξ 〈f ∣∣S2 ( ξ2 ,− ξ2)∣∣ i〉]+O(g4)}
2ωp12ωp2 |~v1 − ~v2| 2ωk12ωk2
(16)
Consider the following matrix element of H1 of eq.(10):
〈p1p2 |H1| k1k2〉 = i
∫
d4xd4y {〈p1p2 |S2(x, y)| k1k2〉 − 〈p1p2 |T [S1(x)S1(y)]| k1k2〉}
= (2π)4δ4(pf − ki)i
{∫
dξ
〈
p1p2
∣∣∣∣S2(ξ2 ,−ξ2)
∣∣∣∣ k1k2〉
−
∫
dξ
〈
p1p2
∣∣∣∣T [S1(ξ2)S1(−ξ2)]
∣∣∣∣ k1k2〉}
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We now integrate over p2 followed by p1 = |p1| as before to obtain,
∫
p21dp1Re 〈p1p2 |H1| k1k2〉 = −(2π)4
pωp
2
Im
{∫
dξ
〈
p1p2
∣∣∣∣S2(ξ2 ,−ξ2)
∣∣∣∣ k1k2〉
−
∫
dξ
〈
p1p2
∣∣∣∣T [S1(ξ2)S1(−ξ2)]
∣∣∣∣ k1k2〉}
where we set p2 = k1 + k2 − p1. Left hand side is a funtion of angular variables:
Ω. We subtrat out the angular average to nd,
∫
p21dp1Re
{
〈p1p2 |H1| k1k2〉 − 〈p1p2 |H1| k1k2〉
}
= −(2π)4 pωp
2
Im
{∫
dξ
〈
p1p2
∣∣∣∣S2(ξ2 ,−ξ2
)∣∣∣∣ k1k2〉
−
∫
dξ
〈
p1p2
∣∣∣∣S2(ξ2 ,−ξ2)
∣∣∣∣ k1k2〉
}
+ (2π)4
pωp
2
Im
{∫
dξ
〈
p1p2
∣∣∣∣T [S1(ξ2)S1(−ξ2)]
∣∣∣∣ k1k2〉
−
∫
dξ
〈
p1p2
∣∣∣∣T [S1(ξ2)S1(−ξ2)]
∣∣∣∣ k1k2〉
}
Now we employ (16) to obtain,
∫
p21dp1Re
{
〈p1p2 |H1| k1k2〉 − 〈p1p2 |H1| k1k2〉
}
=
1
3g3
2ωp12ωp2 |~v1 − ~v2| 2ωk12ωk2
[
dσ
dΩ
− dσ
dΩ
+O
(
g4
)]
+ (2π)4
pωp
2
Im
{∫
dξ
〈
p1p2
∣∣∣∣T [S1(ξ2)S1(−ξ2)]
∣∣∣∣ k1k2〉
−
∫
dξ
〈
p1p2
∣∣∣∣T [S1(ξ2)S1(−ξ2)]
∣∣∣∣ k1k2〉
}
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=
32ω3p
3g3
[
dσ
dΩ
− dσ
dΩ
+O
(
g4
)]
+ (2π)4
pωp
2
Im
{∫
dξ
〈
p1p2
∣∣∣∣T [S1(ξ2)S1(−ξ2)]
∣∣∣∣ k1k2〉
−
∫
dξ
〈
p1p2
∣∣∣∣T [S1(ξ2)S1(−ξ2)]
∣∣∣∣ k1k2〉
}
(17)
Causality neessarily requires that the left hand side of (17) vanishes. On the right
hand side, there are
1. experimentally observable quantity,
dσ
dΩ
− dσ
dΩ
,
2. a theoretially alulable quantity (by a Feynman diagram alulation)
Im
{∫
d4ξ
〈
p1p2
∣∣∣∣T [S1(ξ2)S1(−ξ2)]
∣∣∣∣ k1k2〉
−
∫
d4ξ
〈
p1p2
∣∣∣∣T [S1(ξ2)S1(−ξ2)]
∣∣∣∣ k1k2〉
}
and
3. O (g4) and higher order terms from dσ
dΩ
− dσ
dΩ
in addition to
Im
{∫
d4ξ
〈
p1p2
∣∣∣∣S2(ξ2 ,−ξ2
)∣∣∣∣ k1k2〉− ∫ d4ξ〈p1p2 ∣∣∣∣S2(ξ2 ,−ξ2
)∣∣∣∣ k1k2〉
}
.
We shall alulate the seond quantity in the oming setion. We shall also explain
how and when the O (g4) term an be ignored.
5 ontribution of the seond term in (17)
As seen in [13℄, the seond term in (17) orresponds to the sh diagram with smeared
propagators shown below. It is alulated in the massless limit below: One nds,
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Figure 2: The Feynman diagram equivalent to the seond term∫
dξ
〈
p1p2
∣∣T [S1( ξ2)S1(− ξ2)]∣∣ k1k2〉 . Only the s-hannel diagram is shown.
Γs =
9g2
8π2
∞∫
1
dτ1
∞∫
1
dτ2
e
−
(P )2
Λ2
τ1τ2
τ1+τ2
(τ1 + τ2)2
where P 2 = −(p1 + p2)2 = −s and is positive in Eulidean spae. We employ [6℄,
∞∫
1
dτ1
∞∫
1
dτ2 =
1∫
1
2
dx
∞∫
1
1−x
τdτ +
1
2∫
0
dx
∞∫
1
x
τdτ
[where τ = τ1 + τ2 and x =
τ2
τ
℄ and nd
Γs =
9g2
8π2
 1∫
1
2
dx
∞∫
1
1−x
dτ +
1
2∫
0
dx
∞∫
1
x
dτ
 e−P2Λ2 τ(1−x)x
τ
setting t = P
2
Λ2
τ(1− x)x
Γs =
9g2
8π2

1∫
1
2
dx
∞∫
P2x
Λ2
dt+
1
2∫
0
dx
∞∫
P2(1−x)
Λ2
dt
 e−tt
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=
9g2
8π2
1∫
1
2
dxΓ
(
0,
P 2x
Λ2
)
+
1
2∫
0
dxΓ
(
0,
P 2(1− x)
Λ2
)
;
=
9g2
4π2
1∫
1
2
dxΓ(0,
P 2x
Λ2
)
=
9g2
4π2
1∫
1
2
dx
[
− ln P
2x
Λ2
− γ −
∞∑
n=1
(−P 2x
Λ2
)n
n(n!)
]
=
9g2
8π2
(
− ln s
Λ2
+ constant− 2
∞∑
n=1
1
n(n + 1)!
( s
Λ2
)n(
1− 1
2n+1
))
where, Γ (n, z) is the inomplete Γ-funtion
Γ(n, z) ≡
∞∫
z
dt
t
tne−t
Adding up s, t, u-hannels together,
Γ(s, t, u) =
9g2
8π2
[
− ln s
Λ2
− ln t
Λ2
− ln u
Λ2
+ constant
−2
∞∑
n=1
1
(n + 1) (n!)
(( s
Λ2
)n
+
(
t
Λ2
)n
+
( u
Λ2
)n)(
1− 1
2n+1
)]
As we shall be interested in the nontrivial ontribution arising from nonloal eets,
we shall nd it onvenient to lter out the usual loal eets. We parametrize the
loal part of the above expression as
l (θ) = c1 + c2ln
(
1− cos2θ)
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Using (14),
l (θ) = c′1 + c2
(
5
3
P2(cos θ) +
9
10
P4(cos θ) +
13
21
P6(cos θ) + ....
)
So that, the quantity entering in the equation (17) is
l (θ)− l (θ) = c2
(
5
3
P2(cos θ) +
9
10
P4(cos θ) +
13
21
P6(cos θ) + ....
)
Now, onsider
h (θ) = αP2 (cosθ) + βP4 (cosθ)
h (θ) is the simplest non-trivial even polynomial orthogonal to l (θ)− l (θ) provided
2
3
α +
1
5
β = 0
We hoose to integrate (17) with h (θ). Thus the CV signaling amplitude may be
onveniently as
∫
dcosθh (θ)
{
32ω3p
3g3
[
dσ
dΩ
]
+ (2π)4
pωp
2
Im
{∫
dξ
〈
p1p2
∣∣∣∣T [S1(ξ2)S1(−ξ2)]
∣∣∣∣ k1k2〉}}
where we have dropped the two terms with angular averages as
∫
dcosθh (θ) ×
constant = 0.
6 O (g4) ontributions
We shall alulate O (g4) terms inR of equation (15) and nd the range of ouplings
and energies when it is ignorable. Calulations of quantities required for this has
already been done in a loal theory. As suh quantities in a nonloal theory will
dier only by terms of O
(
1
Λ2
)
from a loal theory and we are interested only in an
estimate of suh terms in R, we shall employ the loal results for this purpose.
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6.1 the S1S3-type terms
One of the ontributions to
dσ
dΩ
we have not taken aount of is the O (g4) ontribution
oming from a term of the kind S1S3 in R. To evaluate this we need to alulate
O (g3) ontribution to S-matrix oming from the two loop diagrams. These two
Figure 3: Diagrams ontributing to 2 partile matrix element of S3. Diagrams
obtained by interhanges of momentum labels are not shown.
loop diagrams have already been omputed in the ontext of the standard model
[16℄ with the renormalization onvention whih amounts to using a mass sale ∼
m. We shall adopt the result to the ase of φ4 theory and employ them with our
renormalization onvention. The leading terms in the amplitude A (s, t, u) omes
from the ln2s, ln2t, ln2u terms for s large. Keeping these terms, and using the
renormalization onvention of [16℄, the full amplitude A (s, t, u) is [here, sˆ = s
m2
et.℄
A(s, t, u) = −6g + g
2
16π2
[−18 (ln(−sˆ) + ln(−tˆ) + ln(−uˆ))]
+
g3
(16π2)2
[−162 (ln2(−sˆ) + ln2(−tˆ) + ln2(−uˆ))+ .....]
≡ −6g + g2a + g3b
Where,
a =
1
16π2
[
−18
(
ln(
−s
m2
) + ln(
−t
m2
) + ln(
−u
m2
)
)]
b =
1
(16π2)2
[
−162
(
ln2(
−s
m2
) + ln2(
−t
m2
) + ln2(
−u
m2
)
)
+ .....
]
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We dene g˜ by evaluating Re [A (s, t, u)] at s = −2s0 + 2m2, t = u = s0 +m2. We
have,
−6g˜ = −6g + g2a˜+ g3b˜+O(g4) (18)
Where,
a˜ =
1
16π2
[
−18
(
ln(
2s0
m2
) + 2 ln(
s0
m2
)
)]
b˜ =
1
(16π2)2
[
−162
(
ln2(
2s0
m2
) + 2 ln2(
s0
m2
)
)
+ .....
]
Now from (18),
−6g = −6g˜ − g2a˜− g3b˜+O(g4)
= −6g˜ −
(
g˜ +
g2
6
a˜ + ..
)2
a˜−
(
g˜ +
g2
6
a˜+ ..
)3
b˜+O(g˜4)
= −6g˜ − g˜2a˜− g˜3
(
a˜2
3
+ b˜
)
+O(g˜4)
So that we an express A (s, t, u) in terms of g˜ as,
A(s, t, u) = −6g + g2a+ g3b
= −6g˜ − g˜2a˜− g˜3
(
a˜2
3
+ b˜
)
+ g˜2a + g˜3b+
g˜3
3
a˜a+ o(g˜4)
= −6g˜ − g˜2(a˜− a)− g˜3
(
a˜2
3
+ b˜− b− a˜a
3
)
+ o(g˜4)
where,
a˜− a = 1
16π2
[
−18
{
ln
(
2s0
s
)
+ ln
(s0
t
)
+ ln
(s0
u
)}]
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To alulate the relevant matrix element of S3, we need to fous our attention on
the oeient of g˜3
a˜2
3
+ b˜− b− a˜a
3
=
1
(16π2)2
{
108
[(
ln(
2s0
m2
) + 2 ln(
s0
m2
)
)2
−
(
ln(
2s0
m2
) + 2 ln(
s0
m2
)
)(
ln(
−s
m2
) + ln(
−t
m2
) + ln(
−u
m2
)
)]
− 162
(
ln2(
2s0
m2
) + ln2(
s0
m2
) + ln2(
s0
m2
)− ln2(−s
m2
)− ln2(−t
m2
)− ln2(−u
m2
)
)}
=
1
(16π2)2
{
162
(
ln2(1− cos θ) + ln2(1 + cos θ))
+
(
162× 2 ln
(
2p2
m2
)
− 108 ln
(
2s30
m6
))
ln(1− cos2 θ) + (θ − independent terms)
}
=
1
(16π2)2
{
162
(
ln2(1− cos θ) + ln2(1 + cos θ))
+
(
162× 2
3
ln
(
8p6
m6
)
− 108 ln
(
2s30
m6
))
ln(1− cos2 θ) + (θ − independent terms)
}
=
1
(16π2)2
{
162
(
ln2(1− cos θ) + ln2(1 + cos θ))
+ 108 ln
(
4p6
s30
)
ln(1− cos2 θ) + (θ − independent terms)
}
Thus,
A(s, t, u) = −6g˜ − g˜
2
16π2
[
−18
{
ln
(
2s0
s
)
+ ln
(s0
t
)
+ ln
(s0
u
)}]
− g˜
3
(16π2)2
{
162
(
ln2(1− cos θ) + ln2(1 + cos θ))
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+ 108 ln
(
s3
16s30
)
ln(1− cos2 θ) + (θ − independent terms)
}
+ o(g˜4)
Suppose, we hoose the renormalization sale s0 = 0.1Λ
2
. The angular dependene
of the relevant matrix element of S3 is determined by
g (θ) =
[
2
[
ln(
s
0.2× 3
√
2Λ2
)
]
ln(1− cos2 θ) + ln2(1 + cos θ) + ln2(1− cos θ)
]
we dene,
a′2 =
5
2
1∫
−1
d cos θP2(cos θ)g (θ)
We nd,
a′2 =
5
2
× 49
18
+ 2 ln(
s
0.252Λ2
)
(−5
3
)
= 6.81− 3.33ln(15.87 p
2
Λ2
)
putting in some values for p2/Λ2, we nd
p2
Λ2
0.1 0.2 0.4 0.8
a′2 5.27 2.96 0.66 -1.65
Table 2: Legendre oeient a′2 for some values of
p2
Λ2
.
Contribution from S1S3 term in terms of Legendre oeient turns out to be
a
(4,1)
2 =
81g˜4
64π4
a′2
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To ompare this partiular O (g4) ontribution to the non-loal term, we onsider,
a
(4,1)
2
anonlcal2
=
27g˜2
16π2
a′2(
p2
Λ2
)2
with,
6g
16π2
= 0.001(omparable to α
4π
in eletrodynamis), we tabulate the ratio for
dierent values of
p2
Λ2
= s
4Λ2
:
p2
Λ2
0.1 0.2 0.4 0.8
a
(4,1)
2
anonlcal2
0.062 0.0088 0.0005 -0.0003
Table 3: Comparison of S1S3-type terms with the leading non-loal ontribution.
We saw earlier in setion 3 that it was possible to disern CV for
p2
Λ2
& 0.2. In the
same range of momenta, we nd that ontribution of this O (g˜4) term small enough
to be ignored.
6.2 the|S2|2 term
The ontribution of this term is,
=
(
9g˜2
8π2
ln
stu
2s30
)2
=
(
9g˜2
8π2
)2 [
ln
8p6
s30
+ ln(1− cos2 θ)
]2
=
(
9g˜2
8π2
)2 [
ln2
s3
8s30
+ ln2(1− cos2 θ) + 2 ln s
3
8s30
ln(1− cos2 θ)
]
=
(
9g˜2
8π2
)2 [
ln2
(
s3
8s30
)
+ ln2(1− cos θ) + ln2(1 + cos θ) + 2 ln(1− cos θ) ln(1 + cos θ)+
2× 3 ln
(
s
2s0
)
ln(1− cos2 θ)
]
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The relevant angular dependent part is given below:
f(θ) =
[
ln2(1− cos θ) + ln2(1 + cos θ) + 2 ln(1− cos θ) ln(1 + cos θ)+
2× 3 ln
(
s
2s0
)
ln(1− cos2 θ)
]
Dening
a′′2 =
5
2
+1∫
−1
d cos θP2(cos θ)f(θ),
we obtain,
a′′2 =
5
2
× 49
18
− 25
18
+ 2
(
3 ln
s
0.2Λ2
)(−5
3
)
= 5.42− 10
(
ln
20p2
Λ2
)
We omplete the table of
p2
Λ2
versus a′′2.
p2
Λ2
0.1 0.2 0.4 0.8
a′′2 -1.51 -8.44 -15.4 -22.3
Table 4: Legendre oeient a′′2 for some values of
p2
Λ2
.
|S2|2 term ontributes the following Legendre oeient:
a
(4,2)
2 =
81g˜4
64π4
× a′′2
Now, adding the Legendre oeients to get the total ontribution to R in O (g4):
a
(4)
2 = a
(4,1)
2 + a
(4,2)
2 =
81g˜4
64π4
(a′2 + a
′′
2)
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Comparison of nonloal eets of O (g2) and loal terms of next order is failitated
by looking at the ratio r:
r =
a
(4)
2
anonlocal2
=
27g˜2
16π2
(a′2 + a
′′
2)(
p2
Λ2
)2
We tabulate r for various p
2
Λ2
and with
6g˜
16π2
= 10−3:
p2
Λ2
0.1 0.2 0.4 0.8
a
(4)
2 2.34×10−8 -3.42×10−8 -9.19×10−8 -1.49×10−7
|r| 0.04 .02 0.01 0.004
Table 5: Final omparison of negleted terms of O (g˜4) in (17) with the CV ampli-
tude.
Thus, the ontribution from the terms of O (g4) we negleted is indeed a few perent
at best in this range of
p2
Λ2
and ouplings.
7 onlusions
We argued that physial theories may develop a small ausality violation at high
enough energies; whih ould be due to diverse auses suh as a fundamental length
sale, omposite struture of standard model partiles et. We wanted to study how
it an be observed experimentally. We onsidered as a model theory, the nonloal
salar theory, whih embodies quantum violations of ausality. We demonstrated
that CV ould be observed by usual laboratory measurements whih obtain
dσ
dΩ
for
the exlusive elasti proess φφ → φφ. Analysis of loal ontribution versus the
non-loal CV amplitude enabled one to onlude that CV eets an be notieable
at s ∼ Λ2 where Λ is the large mass sale present in the theory and a way to
demonstrate its existene is via an analysis of the angular distribution of sattering
ross-setion. We onstruted an observable that would serve the purpose if higher
order eets are negligible. We analyzed these O (g4) terms and demonstrated that
they are indeed negligible ompared to the CV terms at energies s ≤ Λ2 and for
a typial oupling omparable to eletromagneti oupling
α
4π
. A work, along the
same lines, but appliable to the realisti ases of experimentally observed exlusive
proesses e+e− → e+e−, e+e− → µ+µ− and e+e− → τ+τ− is in progress.
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